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The lowest Landau level on a torus is studied. The dimension of the many-body Hilbert space is
obtained and is found to be different from the formula given by Haldane. Our result can be tested
in numerical investigations of the low-energy spectrum of fractional quantum Hall states on a torus.
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Identical particles with statistics interpolating between
Bose and Fermi can exist in two dimensions [1]. Parti-
cles which obey fractional statistics (neither bosonic nor
fermionic) are called anyons. Anyon physics has been ap-
plied to the theory of the fractional quantum Hall effect
(FQHE) [2,3]. The condensation of the anyonic quasi-
particles [4,5] in Laughlin states gives rise to hierarchical
states in the FQHE [4,6].
Recently, Haldane proposed [7] a new definition of frac-
tional statistics by generalizing the Pauli exclusion princi-
ple (we will call it Haldane’s statistics or HS). The defini-
tion of HS is based on a Hilbert space counting argument
(see Refs. [8–10] for further developments). In the frame-
work of HS the monodromy properties of wavefunctions
(which are usually used in the definition of statistics)
are not used to define the statistics and the definition of
statistics is independent of the dimension of space.
Following [7], we consider a N body system in a finite
space, and fix N − 1 particles among them. Analyze the
Hamiltonian of the remaining particle assuming that the
dimension d of the Hilbert space for this particle is finite
and independent of which particle has been chosen. The
parameter g of HS is by definition
∆d = −g∆N. (1)
For bosons, g = 0, and for fermions, g = 1. For g neither
0 nor 1, we say that particles obey fractional statistics.
If Eq. (1) is satisfied, we say that particles satisfy HS.
The size of the Hilbert space of the many-body system
at fixed N has been argued to be equal to [7]
(d+N − 1)!
(N)!(d− 1)!
. (2)
One of the advantages of the concept of HS is that for
bosons or fermions the number of N-body states among
accessible states is given by the unified Eq. (2). In various
examples of HS, for example, anyons in a very strong
magnetic field on a sphere, Haldane-Shastry Spin Chain
model etc., Eq. (2) was found to be satisfied. One would
guess it may be true in any example of HS.
In Refs. [11,12], the emphasis was put on the Hilbert
space of the low-energy sector of fractional quantum Hall
(FQH) states on a sphere, in the presence of quasielectron
(QE) or quasihole (QH) excitations. On the other hand,
the energy spectrum of a few electrons can be calculated
numerically. A low-energy sector was found which is well
separated from the groundstate and corresponds to Hall
states with QE or QH excitations. The dimension of the
Hilbert space of such states predicted in Ref. [7] by using
Eq. (2), for example, in the presence of QH excitations,
is (Ne +Nq)!/[(Ne)!(Nq)!], which is in agreement with
the number of states in the low-energy sector (NSLES)
found in numerical studies. Furthermore, anyons on the
sphere with hard core boundary conditions interacting
with a strong magnetic field were considered in [13], and
the dimension of the Hilbert space of many-body states
(DHMS) was found to be given by Eq. (2), in agreement
with [11,12].
In this letter, we consider anyons in a strong magnetic
field on a torus, thus only the lowest Landau level (LLL)
states. We explicitly work out the formula of the DHMS,
which is the number of possible many-body states in the
LLL. We note that the concept of HS can also be ap-
plied to our case and expect the formula of the DHMS to
be given by Eq. (2) as in the case of spherical geometry.
However, the DHMS found in this case is not given by
Eq. (2). By using the results of this letter we also obtain
the NSLES of FQH states on a torus by using Halperin’s
theory of hierarchical states. Our formula can be tested
in numerical calculations on a torus, similar to Ref. [12]
where the calculation was performed on a sphere. We
conclude that when the topology is changed to that of
a torus, the prediction made by HS does not tally with
what we find for anyons in the LLL on a torus. One
may guess that Eq. (2) is valid only when there are no
topological obstructions for constructing single compo-
nent wavefunctions. The nontrivial topology of tori forces
the wavefunctions of anyons to be multi-component, in
contrast to the case of spheres [14–18].
The NSLES of FQH states on a sphere was obtained in
Jain’s composite fermion theory of the FQHE [19], and
the result was found to be identical to the one predicted
in Halperin’s hierarchical theory using the HS concept.
However we do not know how to use Jain’s theory to
obtain the NSLES of FQH states on a torus because of
difficulties in the construction of Jain’s wavefunctions on
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a torus with the correct degeneracy. FQH states have
degenerate ground states on a torus [20], which can be
seen in numerical calculations [21]. We note that one
can construct Halperin’s hierarchical wavefunctions on a
torus with the correct degeneracy [22].
We begin by solving the DHMS of anyons in the LLL
on a torus at a specific filling. Following the notation in
Ref. [22], the Hamiltonian of a quasihole in singular gauge
[16–18] is H = 12m [(px − eqBy)
2
+ (py)
2
], where B is the
magnetic field and eq is the charge of the particle. Let
Φ be the magnetic flux seen by the particle, Φ = τ2eqB.
We take the statistical parameter πα = πk/s, where k, s
are positive coprime integers. The statistical phase is
then eiαπ. α must be a rational number on a torus and
Φ− αN = Φ′ must be an integer according to the Dirac
quantization condition. Thus we are considering the case
where the statistical flux is opposed to the flux of the ex-
ternal magnetic field. The situation where the two fluxes
are parallel with hard core boundary conditions imposed
as in Refs. [11–13] will be considered in detail elsewhere
and a short discussion of such a situation in the case of
QE excitations can be found at the end of this letter.
Although it is usual to restrict | α |< 1 because the sta-
tistical phase eiαπ depends only on α mod 2, we allow
α > 0 to be unrestricted as in Ref. [12]. Here α is related
to the amount of statistical flux bound to each particle.
The wavefunctions are represented by s-component vec-
tors. In our case, the wavefunctions can be written as
Ψ(zi)n = exp(−
πΦ
∑
i y
2
i
τ2
)
∏
i<j
[θ3(zi − zj|τ)]
k/s
F (zi)n (3)
where n = 1, · · · , s is the component index of the wave-
functions (all numbers appearing above and below are
positive if not otherwise specified).
We can separate the center of mass coordinate part
of the wavefunctions from the relative part in the case
of Φ′ = pN where p is an integer by generalizing the
arguments of Ref. [23]. As Φ/N = (k/s)+p, the functions
F (zi)n are given as
F (zi)n = θ
[
am,n
b
]
(
∑
i
zie2|e1, τ)F
′ . (4)
F ′ depends on the relative holomorphic coordinates (zi−
zj) and satisfies certain translational properties around
the handles (or the nontrivial homology cycles) on the
torus. In Eq. (4), the notation is
(e1)
2 = s(k + ps) , (e2)
2 = p+ (k/s) ,
am,n = a
∗
m,ne
∗
1 , b = b
∗e∗1 ; e
∗
1 =
1
e1
, e∗2 =
1
e2
,
a∗m,n = a0 +ms+ n(k + ps) , b
∗
i = b0 ,
m = 1, · · · , k + ps , n = 1, · · · , s (5)
a0, b0 are fixed by boundary conditions andm is the index
of the center-coordinate degeneracy (CCD). When p is an
even integer, for the wavefunctions of Laughlin type, F ′
is equal to F ′(p)lau =
∏
i<j [θ3(zi − zj|τ)]
p
. therefore in
this case, the degeneracy of the wavefunctions is equal to
the CCD: k + ps [22].
To obtain the DHMS of the model when Φ′ = pN and
p is an even integer, we find the number of all possi-
ble wavefunctions, or possible F ′ (or possible Fn), not
necessarily restricted to be of Laughlin type. The wave-
functions of the center coordinate part shall remain un-
changed with respect to different solutions of F ′ [23].
To work out Dr, the number of all possible F
′, it
is not necessary to get explicit solutions for all possi-
ble F ′. Considering N bosonic particles and taking the
magnetic flux quanta Φ equal to Φp = pN , the wavefunc-
tions of this model are given by Eq. (4), with Φ = pN ,
(e1)
2 = p , (e2)
2 = 1 , α = 0 and m = 1, · · · , p , n = 1.
One can show that F ′bo, the wavefunction of the rela-
tive part in the bosonic model, satisfies the same transla-
tional properties and has the same dependence on the rel-
ative holomorphic coordinates as F ′ in the anyon model.
Thus we have the same solutions for F ′ and F ′bo accord-
ing to Algebraic Geometry, this implies that the num-
ber of possible F ′, Dr, is equal to the number of pos-
sible F ′bo. The DHMS (we recall that the DHMS is the
number of all possible states) of the bosonic model is
Dbo = (Φp +N − 1)!/[(Φp − 1)!(N)!] because the num-
ber of possible states for a single particle is equal to Φp.
Therefore Dr is equal to Dbo divided by the CCD of the
wavefunctions, which is equal to p here. This leads to
Dr = (1/p)Dbo = (Φp +N − 1)!/[(Φp)!(N − 1)!]. Thus
the DHMS of the anyon model is equal to D = Dr× (k+
ps) where (k+ps) is the CCD of the model. By using the
relation Φ′ = Φp = pN , we have N(k + ps) = Nk +Φ
′s.
Inserting this relation in the formula for D we obtained
above, D can be rewritten as
D = (Nk + Φ′s)
(Φ′ +N − 1)!
(Φ′)!(N)!
. (6)
In the discussion above we obtained the DHMS of anyons
in the LLL on a torus when Φ′ = Φp = pN and p is
an even integer. Eq. (6) depends only on Φ′ , α (α =
k/s) or Φ and α. There is no explicit dependence on the
parameter p in the final formula although we used the
relation Φ′ = pN in the derivation of the formula.
We now generalize the discussion to the case of arbi-
trary integer Φ′ and show that formula (6) still holds.
For any integer Φ′, one can write Φ′ = [k′/s′]N where
k′, s′ are coprime integers.
We first consider N bosonic particles with flux Φbo =
Φ′ = [k′/s′]N . The wavefunctions are given by Eq. (3)
with Φ = Φbo. The wavefunctions of the center coordi-
nate part in F (zi)bo are given by θ
[am,l
b
]
(
∑
i zie2|e1, τ)
(these can be obtained, for example, by following Ref.
[23]), where (e1)
2 = k′s′ , (e2)
2 = (k′/s′) , a∗m,l = a0 +
ms′ + lk′ and m = 1, · · · , k′ , l = 1, · · · , s′. The CCD of
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the model is equal to k′. Because l is not restricted to
be one, when one coordinate is moved around the han-
dles, the index l will be changed. One may say that
the wavefunctions are multi-component. However, this
cannot be correct as the wavefunctions of bosonic and
fermionic particles are single-component. This appar-
ent paradox arises due to the fact that factorization of
the wavefunction into relative and center parts is pos-
sible only when Φ/N is an integer due to obstructions
caused by translation properties of the wavefunctions.
In the present situation, F (zi)bo should be expanded
as
∑
l θ
[am,l
b
]
(
∑
i zie2|e1, τ)F
′ bo
l . The wavefunctions of
the relative part (denoted as F ′ bol here ) are also multi-
components and satisfy certain translational properties.
When one coordinate is moved around the handles, the
index l inside the summation will be changed to an-
other number. But the final wavefunctions are single-
component due to the contraction of the index l.
Now we consider the anyon model with Φ′ = (k′/s′)N .
As Φ/N = (k/s) + (k′/s′) = (ks′ + sk′)/(ss′), the
wavefunctions of the center coordinate part in F (zi)
are given by the functions θ
[am,n,l
b
]
(
∑
i zie2|e1, τ) with
(e1)
2 = s′s(ks′ + sk′) , (e2)
2 = (k/s) + (k′/s′) , a∗m,n,l =
a0 + mss
′ + (ls + n)(ks′ + sk′) and m = 1, · · · , (ks′ +
sk′) , n = 1, · · · , s , l = 1, · · · , s′. The CCD is equal
to ks′ + sk′. For wavefunctions of the relative part in
F (zi) (denoted as F
′ here), one can show that F ′ of the
bosonic model and F ′bo of the anyon model satisfy the
same translational properties and have the same depen-
dence on holomorphic coordinates. Thus the possible F ′
are given by s′-dimensional vectors F ′l with l = 1, · · · , s
′,
similar to the case of the bosonic model. By the same
reasoning as for the bosonic model, we can expand F
as
∑
l θ
[
am,n,l
b
]
(
∑
i zie2|e1, τ)F
′
l . The final wavefunctions
have s-components and the component index is n.
Since the vectors F ′l satisfy the same translational
properties as the vectors F ′ bol and depend only on holo-
morphic coordinates, the number of possible F ′l is equal
to the number of possible F ′ bol . Let D be the DHMS
of the anyon model and Dbo be that of the bosonic
model. As the wavefunctions of the relative part for both
models have the same degeneracy, D divided by Dbo is
equal to the CCD of the anyon model divided by that of
the bosonic model. So D/Dbo = (ks
′ + sk′)/k′. Since
Dbo = (Φ
′ +N − 1)!/[(Φ′ − 1)!(N)!], D is given by Eq.
(6), obtained previously for a particular Φ′.
The problems discussed in this letter can be formulated
equivalently in the context of Chern-Simons theory. In
[24] the complete set of LLL wavefunctions were written
down for bosons interacting with both a statistics trans-
muting Chern-Simons field and an external magnetic
field. After a suitable gauge transformation the wave-
functions were shown to be multivalued and multicom-
ponent consistent with braid group arguments. Thus,
this is a model for anyons in an external magnetic field.
We will follow closely Ref. [24] (We note that the no-
tation in Ref. [24] is different from that used here). Each
wavefunction is specified by a N component vector of
integers c and an integer 0 ≤ K < gcd (Φ′, N) (gcd
is the greatest common divisor of two numbers). The
components of c are ordered 0 ≤ c1 ≤ c2 . . . ≤ cN <
sΦ′ (sΦ′ + kN) ≡ ℓ and satisfy a constraint:
ci +
k
sΦ′
N∑
j=1
cj = (sΦ
′ + kN) (m0 + smi) (7)
for some integersm0, {mi} with 0 ≤ m0 < s. In addition,
we require that the first component of the vector c, c1, be
strictly less than ℓ/ gcd (N,Φ′). Given a solution c to the
above constraint (7), we define a new integer M as the
smallest integer such that the action ci → ci+M
ℓ
gcd(Φ′,N)
results in a permutation of the components of c with the
components defined modℓ . Then K takes M values:
n gcd (Φ′, N) /M, n = 0, . . . ,M − 1.
To count the DHMS (denoted also asD) in the LLL we
need to count all the vectors c satisfying the constraint
(7) for a given M , let us call this number d (M). Then
the DHMS is given by D =
∑gcd(Φ′,N)
M=1 Md (M). The M
multiplying d (M) is due to theM values taken byK. We
notice that D can be equivalently calculated as the total
number of c’s satisfying the constraint (7) with 0 ≤ c1 ≤
c2 . . . ≤ cN < sΦ
′ (sΦ′ + kN) ≡ ℓ with no further restric-
tion on the range of c1. This simplifies the problem con-
siderably. It immediately follows that the most general
form for c is given by: ci = s (c0 + (sΦ
′ + kN)ni) , with
0 ≤ n1 ≤ n2 ≤ . . . ≤ nN < Φ
′ , 0 ≤ c0 < (sΦ
′ + kN) and
the condition that
c0 + k
∑N
i=1 ni
Φ′
∈ Z (8)
The number of distinct vectors c is given by the total
number of values that c0 can take times the total num-
ber of integers 0 ≤ n1 ≤ . . . ≤ nN < Φ
′. The num-
ber of c0 is simply (sΦ
′ + kN), while the total num-
ber of ni is given by the standard combinatoric result
(Φ′ +N − 1)!/[(Φ′ − 1)!N !]. Thus the total number of
vectors c is given by
(sΦ′ + kN)
(Φ′ +N − 1)!
(Φ′ − 1)!N !
. (9)
How many of these vectors satisfy the condition (8)? If
kN is divisible by Φ′ then for every given set of integers
{ni}, we can find a sequence containing (kN + sΦ
′) /Φ′
values of c0 separated by a multiple of Φ
′ such that con-
dition (8) is fulfilled. Therefore, D, the total degeneracy
of LLL states, is given by (9) divided by Φ′, which leads
to our previous formula (6) for the DHMS of LLL states.
In cases where kN is not divisible by Φ′ we have failed
to find a rigorous proof of formula (6), however, we have
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checked it for a number of potentially anomalous cases
and found that it gives the correct degeneracy.
The formula (6) for the DHMS is sensible for a num-
ber of cases. Even though we have implicitly assumed
that Φ′ 6= 0 the formula gives a sensible answer even for
Φ′ = 0, namely D = k which agrees with the result of
[24]. For the fermionic (k = s = 1) and bosonic (k =
0, s = 1) cases the standard degeneracy is reproduced.
Following Ref. [9], we also calculated the thermodynam-
ics on a torus by using the formula of the DHMS and
we found that the thermodynamics is the same as that
on a sphere (see also Ref. [8]). To compare Eq. (6) with
Eq. (2), we write D as D1 = (Φ
′ +N − 1)!/[(Φ′ − 1)!N !]
times D2 = (sΦ′ + kN)/Φ
′, where Φ′ = Φ − αN corre-
sponds to d and α corresponds to g in Eq. (1) and Eq.
(2). D1 is Haldane’s ‘choose’ expression (Eq. (2)) and D2
is the correction due to the center coordinate degeneracy.
We now apply the above results to the FQHE. In the
case of QH excitations of a Laughlin state at filling 1/m,
the effective flux Φ′ for the quasiparticle, the sum of the
magnetic flux and the statistical flux is equal to the num-
ber of electrons Ne in the parent state. The statistical
parameter α is 1/m. Let Nq be the number of quasiholes,
we apply formula (6) to the current case, the DHMS of
the low-energy spectrum is
(Ne+Nq−1)!
(Ne)!(Nq)!
(mNe +Nq).
The DHMS in the case of QE excitations in a Laugh-
lin state can also be worked out. The statistical flux and
the magnetic flux are now parallel, and it is important
to use hard-core boundary conditions as in Refs. [11–13]
to obtain the following formula. One part of the wave-
function is now
∏
i<j [θ3(zi − zj|τ)]
−1/mF (zi)n. However
because of hard-core boundary conditions, F (zi)n should
be factorized as
∏
i<j [θ3(zi − zj|τ)]
2Fq. We note F (zi)n
and Fq(zi) have the same CCD. One can then derive
the number of solutions of Fq(zi) (following the methods
used previously), which is the DHMS in the case of QE
excitations:
(Ne−Nq−1)!
(Ne−2Nq)!(Nq)!
(mNe −Nq).
When Nq = 0, the formulas of the DHMS in both cases
are equal to m, which is the degeneracy of the Laughlin
state on the torus. m is the CCD of the Laughlin state,
which was investigated in detail by Haldane (the third
reference in Ref. [20]).
The details of the derivations of this paper and the
formula in the case of multispecies anyons with mutual
statistics on a torus will be presented elsewhere.
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